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THE MINIMUM MULTIPLICITY OF STAR GRAPHS

JEONG-HWAN LEE*, SUNG-YUN YANG**, AND SANG-MOK KIM f

ABSTRACT. In 1972, the Ramsey number r(S,, Sz) with respect to star graphs
was given by Harary, where S; denotes the star graph of order ¢ + 1. While this
number says just the existence of Sy, or S, the compliment of Sz, in every graph
G of order r(Sa,S3), it does not exactly say anything about the number of S,,
and Sj in the graph. In this paper, we first enumerate the total number of star
graphs of order ¢t and the complement graphs of star graphs of order ¢ along with
the degree sequence of G, denoted by o¢(G). Next, we determine the minimum
number o+(G,) among o(G)’s for G € Gy, where G, is the set of all graphs of
order n. Finally, as a corollary, we construct a ‘minimal graph’ of order r(S;, St)
in which there are 0¢(G,) star graphs S;’s and the compliments of star graphs
gt ’S.
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1. INTRODUCTION

For graphs (1, and G2, the Ramsey number with respect to G, and G3, denoted
by r(G1,G2) is defined as the least integer n such that every graph G of order n
contains G4, or G, the complements of G5. The Ramsey number with respect to
star graphs 7(S,, Sg) is given by Harary [2], as follows;

T(SOM Sﬁ) = {

where S; denotes the star graph of order ¢ + 1, that is the complete bipartite graph
Ky ;.

a+p-1 if o, and B are both even.
a+p otherwise,

Let G, be the set of all graphs of order n. For a star graph S;, an internal vertex
v of Sy is a vertex with degv = ¢t. We use the notations s;(G), 3:(G), and s¢(v, G) to
denote the number of S; in G, the number of S; in G, and the number of S; containing
a vertex v, respectively. Define 0¢(G) = $4(G) + 5.(G), called the S;-multiplicity of
G. Lastly, we define the minimum S;-multiplicity of order n, as follows;

o(Gn) = Quin {o:(G)}.

In 1959, A. W. Goodman [1] enumerated the total number of K3 and K3 for a
given degree sequence of a graph G, and determined their minimum for a given order.
In this paper, we address the analogous question on the total number of star graphs
and the complements of star graphs in a graph, and the minimum S;-multiplicity
among the graphs of order of n. The exact values of 04(G,) are determined for the

1 the corresponding author.
%, % undergraduate students.
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cases of n modulo 4, respectively. As a corollary of this result, we finally have the
minimum Sy-multiplicity o(G,) for r = (S, St), as follows.

1 if ¢ is even

5t(G) + 51(G) = a1(Gr) = {Qt if ¢ is odd

Furthermore, we construct a ‘minimal graph’ of order r(S;, S¢) with the minimum
Si-multiplicity o¢(G,).

2. COUNTING PROPERTIES OF STAR GRAPHS

Let G be a graph and v € V(G). For a positive integer , we have s;(v, G) = (187)

since Sy consists of an internal vertex v, and ¢ vertices adjacent to v. Now we count
o¢(Q@) for a graph G, as follows.

Lemma 1. Let G be a graph. Then
degv deg v
)= 3 (") + 3 ().
veG velG
where deg v is the number of non-adjacent vertices to v.

Proof. Note that

(@)=Y si(0,0) =Y <detg”>, and

veG veG
— — degv deg v
0@ =Y .6 =3 (“F) = 3 (M),
veG veG veG
Since 0¢(G) = 5¢(G) +5:(G) = 5:(G) + 5¢:(G), the statement holds. O

In order to evaluate minimum of o,(G) with graphs G of order n, which is o4(Gy,),
we give the following inequality standing for combination of integers.

Lemma 2. Let a,b,t € N witha >b>t, and let a — b= k. Then

a b a—|%] b+ %]
> 2 2
()= (%)
where the equality holds when t,k € {0,1}.
Proof. If t,k € {0,1}, then the equality holds. Let t > 2, k> 2 and a — b= k.

Note that for k& > 2
a n b - a—1 n b+1
t t t t '

By applying this process L%J times, we have

(0> (19)-(4)
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Now, we give two distinct constructions of some graphs with certain order con-
ditions which will be used for the case when o4(G) = 04(G,) in Theorem 7. It is
well-known that the circulant graph Circ(n; X) is defined as follows (see [3]). For
a positive integer n and a subset X of the set of integers 1,2,...,[%], called the
connections,

e V(Circ(n; X)) is Zy, and

e ij € E(Circ(n; X)) if and only if |i — j| € X.
By using this method to construct circulant graphs, the following Construction 3
gives two k-regular graphs of order n for integer k with 0 < k <n — 1.

Construction 3. Let n and k be positive integers with 0 < k < n — 1.
(1) If k is even, then set X = {1,2,...,%}, and we have Circ(n; X), which is a
k-regular graph of order n.
(2) If n is even and k is odd, then set X = {1,2,..., [%J , 5} and we have
Circ(n; X)), which is a k-reqular graph of order n.

We remark that, from Construction 3, we always have a k-regular graph of order
n when nk is an even integer.

Construction 4. We construct G = (V, E) of order 4u + 3, as follows.
V is defined as the union of mutually disjoint sets Vi,Vo, W1 and Wy such that
[Vi| = 1, |Va| = 2u, |Wi| = 2, and |Ws| = 2u. Next, we define the edge set E, as
follows. (See example 5)

(1) If v € Vi, w € V3, then vw € E.

(2) If v e Vi, w e Wy or Wy, then vw ¢ E.

(3) If v,w € Vi, then vw € E for v # w.

(4) If v € Vo, w € Wy, then vw ¢ E.

(5) Let Vo = {wvo,v1, ... ,v24_1}, Wao = {wp, w1, ... ,way 1}. For v; € V5 and

wj € Wa, vyw; € E if i = j. Otherwise, vyw; ¢ E.

(6) If ve Wy, w e Wy, then vw € E.

(7) If v e Wi, w € Wa, then vw € E.

(8) Let w; € Wy be labeled i withi=0,1,..., 2u — 1. Each vertex w; is adjacent

) )

to verticesi +£1,i+2,...,i+ (u—1) (mod 2u).

Example 5. The graph of order 11 from Construction 4 is given as follows;

G

\\\\\\\\\\ E
T .
e i

Now, we give some properties of the graph constructed from Construction 4, as
follows.
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Proposition 6. The graph G from Construction 4 satisfies the following degree
properties.

(i) degv = 2u for v € V1.
(ii) degv =2u+1 for allv e V \ V;.

Proof. Let vy, v9, w1, and wy be some vertices in Vi, Vo, Wi, and Ws, respectively.
Then, we have

(i) degvy = {v € V(G) | viv € E}| = |{v € Vo | viv € E}| = 2u.

(il) deguva = |{v € V(GQ) | vav € E}|
=H{veVi|vweE}+ |[{veVa|vwe B} + |{veWs|vwe E}|
=14+Qu—-1)+1=2u+1.

(i) degwy = |{v € V(G) | wiv € E}|
={ve W |wwveE}+|{ve Wy | wv e E}
=1+2u

(iv) degws = |{v | wov € E}|
=H{veVa|ww e E} + [{veW;|ww e E} + |{veWs|ww e E}
=1+2+(2u-2)=2u+1

(]

3. DETERMINATION OF 0¢(G,)
We now establish o4(G,,), as follow.

Theorem 7. Let G be a graph of order n > r(Sy, St).

NONE)
6= { (1) T
2(n—1)<%J>+<L%Jt+ 1>+<L%Jt_ 1) if n=4u+3

Proof. Let G be a graph of order n. Note that
ot(Gn) = min {o:(G)}
G e Qn} .
(1) For n = 2u, we have

= min{s¢(G) + 5:(G) | G € G}
iz 32 [(1)+ ()] =2 () + ()]

—un{S[()+ ()

We have the following result from lemma 2.
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where the equality holds when degv = u — 1 or degv = u for all v € G. We
notice that the lower bound is tight since there exists the u-regular graph of
order 2u from Construction 3.

(2) For n =4u + 1, we have

w20 2u 2u
> = .
Ut(gn)_;{<t>+<t):| (8u+2)<t>
The equality holds when degv = 2u for all v € V(G) since the 2u-regular
graph exists from Construction 3.

(3) For n = 4u + 3, we have
4u+3
2u+1 2u+1
wonz () ()

Note that degv = 2u + 1 for all v € G so that ) ,degv = (4u +
3)(2u + 1) = 2|E|, which is a contradiction. Thus there are even number
of vertices of odd degree. If a vertex has an even degree, then 04(G,) =

S [T+ (39H] + (B + (*7?). Here, the equality holds when the

degree sequence of G is as follows:
2u+1,...,2u+1,2u] or 2u+2,2u+1,...,2u+1].

Then, Construction 4 gives the graphs having these degree sequences.

Corollary 8. Let G be a graph of order n = r(St, St). Then

1 if t is even

5t(G) + 5¢(G) > 04(Gn) = {Qt if t is odd.

Proof. From Harary [2], note that

2t — 1 if ¢ is even

— (S, S,) =
n = (S 5) {2t if ¢ is odd.

(i) If ¢ is even, then n = 2t — 1 so that

01(Gn) = 2(n — 1)<L§J> <L2Jt+ 1) ) (m - 1)
o () (59,
:2(2t—2)<t_tl>+<) ( t2>

=1.
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(ii) If t is odd, then, n = 2t so that

o -+[()
(-

IS
S o
—_
N
—

O

From Corollary 8, we obtain the total number of S; and S; in the minimal graph
of order r(St, S¢) given by Construction 3 and Construction 4, respectively.
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